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Abstract. The Fermion interpretation of the white noise framework is considered. As an
application, 1t&’s product formula of Applebaum, Hudson and Parthasarathy is extended .
to the generalized case.

1. Introduction

The non-commutative (quantum) probability theory has been considerably developed
in recent years [1, 2]. In developing their quantum stochastic calculus Hudson and
Parthasarathy [3] obtained a quantum (i.¢. non-commutative) version of Itd’s product
formula which was based only on the commutative rules of a free Boson field and
Lebesgue integration. The three fundamental integrators are annihilation, creation
and number processes which play the role of ‘quantum noises’ in quantum stochastic
evolutions. They are non-commutative extensions of classical Brownian motion and
Poisson processes.

On the other hand, the white noise approach initiated by Hida [4] has been proved
highly effective to the classical stochastic integration theory [5]. One natural question
is: What can one do with it in quantum stochastic calculus?

In fact, some works which connect the quantum probability theory with white
noise calculus have appeared. In [6] 2 quantum white noise calculus leading to an Itd’s
product formula for more general quantum stochastic measured as a consequence of
the Boson commutative relations was developed

In the present paper, we shall try to give a Fermion interpretation for white noise
calculus and extend It6’s product formula of Applebaum, Hudson and Parthasarathy
[7] to the more general case.

We briefly recall some notions and notation in white noise calculus |5, 8], )

Let F(R) be the Schwartz’s space of rapidly decreasing functions on R and $*(R)
its dual space. A denotes the self-adjomt extens:on of the followmg operator on
H=L¥R): :

dzf - -
A =g5@+A+RE feCiR),
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This is called the harmonic oscillator operator (see [8, 9] for its physical meaning and

further properties). Following Simon [9], we can construct a kind of Sobolev space
over R by using operator 4. Put

dﬂ
e,(x) =(=1)" (72" nl)~112 2 [ e e”’z] n=0.

Then e,(x) e ¥(R) and we have Ae,=2(n+1)e,, {e,, n=0} is an onB of LY R).
F,(R)={fe P*(R): IfE , =1A*fI2

=S (felRe+DPP<=}  p=0.

n=0
Then ¥,(R) is a Hilbert space and we have
¥ (R)=F,(R) forp<gq
and

P(R)= ﬂ (R F*(R)= U ¥_(R).

pPeER . pPERy

Moreover, ¥_,(R) is the dual of ¥,(R). The dual pairing {,) between ¥,(R) and
¥_,(R) is given by

(@, )=, (@: et e,).
n=0

In other words, for p=0 ¥,(R) is the L*(R)-domain of A? and
71k, =1A%f:

where |- ||, is the norm of L*(R). For p=<0, we can also define the norm |-|}, .
For n=2, we put ¥,(R") ={f e ¥*(R"}: ||f], ,< >} where

1A =T AE= D ][R0+ DFPKF, e ® - - - ®ep )

kyo. by i=1

here I'(A) denotes the second quantization operator of A. I'(A) is defined on the

dense subset, spanned by {fi®- - - ®f,, fi e LA(R)}, of the symmetric Fock space of H
as follows:

T(A)fi®- - -Bf)=Af,®- - -QAf,

(see [3,7] for second quantization operator I'(A) further properties and physical
meanings).

We denote simply by (L?) the space LA¥*(R), B(¥*(R)), #). Thus for each
@ € (L?) there exists uniquely a sequence (f®) of functions with f® in L*(R") such that
@ admits the Jt6—Wiener decomposition

9= > L(f™)
n=0
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where I,(f*) is the multiple Wiener integral of f* defined by
L(F")=n! f sy, ...,5,)dB,dB,...dB,.
Sp -y ‘

Here the symbol /\ means symmetrization. We have

o= milfo

n=0

In the sequel we write @~ {f*} to specify the sequence (f™).
Now we can construct Sobolev space over the white noise space. Let p =0 set

() =Tp e (LY: @~ (Ff™), > nl|f)} <},
n=0
Then (¥), is a Hilbert space with the norm |-, given by

ol = >, ntllf I3, -

n=0

For each p >0, we denote by (¥)._, the dual space of (¥),. Here we-identify (L?) with
its dual. Each element of (9’)_,, corresponds uniquely to a sequence (f™) with

fPeP_,(R) satisfying
Il = 2 I, <o
n=0

" For p>0 we have
(50 )p < (Lz) < (9,) -p
{(¥),, p € R} are called the Sobolev spaces over the white noise space. Put
(&)= N &), (= U ),

peR, peRs

We call the element of (&) (resp. (¥)*) Hida test functional (resp. distribution).
The S-transform of functional F € (¥)* is defined by

(SFYE)=((F,: ")) §eF(R)
where : e =:exp{(-, &) — 1/2|&].
The Hida’s differential operator 8, (€ R) is defined as
[ 90
dp=5~" {%(_rj (SQJ)(&)} EeF(R) pe(®)

where 0/5£(¢) stands for the Fréchet functional derivative [5]. This operator could also
be interpreted as a Gateaux derivative in the direction of §,, the Dirac delta function

at ¢. More specifically, let @ € () and x, y € $*(R), the Géateaux derivative of gpatxin
the direction y is defined as

d
Dyp(x) =3 (x+5y)lb-o
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It is known that (cf [5]) for any y € ¥*(R), D, is a continuous linear operator on (¥)
and if ye¥(R), it can be extended to a continuous linear operator on (¥)*.
Accordingly, for any y € ¥*(R), the dual operator D7} is a continuous linear operator
on (¥)* and if y e $(R), its restriction is a continuous linear operator on (¥). For the
special choice y=4J,, we have

6,=D5,

(see {5] for further details about white noise calculus).

In [6] 2 quantum white noise calculus leading to 1t6’s product formula for more
general quantum stochastic measure as a consequence of the Boson commutative
relations was developed which, in its simplest form, uses as annihilation, creation and
number processes integrator, the Boson field operators

AD=Wo,()=| a,ds

-

A*(t) = Wl,O(t) ==fz des

N = W)= j " ora,ds

where 8% denote the dual of g,.
Also note that

OB =A*()+ A teR

is defined as a Boson quantum Brownian motion. It is reasonable to call the
generalized quantum process

X(H=071+0, teR ]

a Boson Gaussian white noise. It is also remarkable that process
N =N@+VIQH)+it

is a Quantum Poisson process with parameter 4, so a quantum process
)y =8% 3+ VAX({)+ 21

could be reasonably interpreted as a quantum Poisson white noise. Ité’s product
formula can be summarized by the multiplication rules for stochastic differential:

dA@)-dA*()=dt
dA()-dN(@) =dA(¢)
AN()-dA* () =dA*()
dN(D)-dN(H=dN()

which contain the classical It6’s formula as a special case. Other mutual quadratic
variations all vanish.

In this paper we develop the Fermion analogy of this Boson theory under the
framework of white noise calculus in which the stochastic integrators are now Fermion
fields operators. The Fermion annihilation and creation processes can be realized on
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the white noise spaces by means of an isomorphism between the Boson and Fermion
Fock spaces.

We use the following notational convention. The symbol A\ is usually used to
denote the corresponding Fermion case. We denote by o, the group {1,2, ..., n} and
by o(x) the sign of an element 7 € g,,. a

2. Fermion white noise calcnlus
Let H=L*¥R)
F(H)= & F,(H)
n=0
is the Fock spaces over H. &F(H)= C the complex number field
S(H )= 69 S.(H)
n=>0
denotes its symmetric,
AGE)=® A,(D)
=0

denotes the antisymmetric Fock spaces over H (see [2, 5] for further details about
Fock space). The essential ideas are as follows: One uses a simple isomorphism

A= GB s S(H)—aA(H)
r=0

between the antisymmetric and symmetric Fock spaces over H. By means of the
following chaos isomorphism

U,: S(H)—(L?)
one obtains immediately an isomorphism
Uy=Ug-d~1: A(H)— (LY

which can be generalized to a Hida distribution. The consequences are that an
anticommutative field which is usually given on an antisymmetric Fock space can be
transported to (¥)*, the Hida distribution space.

Proposition 2.2. Let A(H) denote the antisymmetric Fock space on H. Then there
exists an isomorphism
A=:@ 4,
n=0

between S(H) and A(H) where &, forms an isomorphism unitary mapping from
S.(H) to A (H).

Proof. We define A,: R"—R by
An(x‘h s xn) = a(lxll - lxll) ) B(lx2( - lx‘il) T e(lxn—ll - Ixnl)
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where #: R—> R is given by
0 0 =0
@=1; t>0.
1t is obvious that

> Afaxn)=1

rea(n)

where 7x = (X,q) - - . , Xn(n) and assume

5n{x17 .. ~xn): Z Sgﬂ(ﬂ)'An(Ex)

xea(r)
then lg,(xy, . . . , X,)]=1 and is almost everywhere a totally antisymmetric function.
Let F,eS,(H), then ,: S,(H)— A,(H) defined as
‘ﬂan(xl: .. ’xn)::sn(xl: LIS xn)'Fn(xI: .. sxrz)

forms an isomorphism unitary mapping from S,(H) to A,(H).
Let

then one obtains immediately an isomorphism unitary mapping
d: S(H)—A(H)

@ F>®sA,F,  F,eS,(H).

n=1 r=1
Q.E.D.

Remark. A similar Boson—Fermion correspondence was established in [10]. The
readers are also recommended to consult [1] for more details.

Now we can construct the so-called Fermion interpretation. Using proposition 2.1,
for any @~{f"}, we define

@ =g ~{sL, ™} ="}
and denote

(), =19: @~ Y, nllflB, 2} p=0, 1618,,=> mllF*13.,

n=0 n=0Q

where (#®[%,=[T(4)"7Z defined on the dense subset, spanned by {f
FO=FARA - NF,, fe LAR)}, of antisymmetric Fock space on H=L*R) as
follows: For

FO=fN-- NS, T(AY T = APAN - - - NAFf,,

For each p >0, we denote by (S)_, the dual of (S),. Here we identify (L?) with its dual
space. Let s{* denote the dual operator of o, each element of (§)_, corresponds
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uniquely to a sequence {f™}={s0*f™} with f® e §2,(R") satisfying
W13, = > nt 1 _,
a=0

For p>0, we have

S =(S)cT)=(S)p=(5)*
oo  ©=-U o,

peRy peRs

We call the element of (S) (resp. (5)*) the Fermion—Hida test functional (resp,
distribution). We denote by (S}, and (S)_, respectively, the closed spans of the
vectors {(: x®", i\ - AL, fis - - -, f€P(R)} with n even or odd, respectively, so

that thereby () is a Z-graded rigged Hilbert nuclear space. (5)* denote their duals.
Correspondingly, the operator algebra

B((S), (8)*) ={T: T: (S)— (S)* is continuous}
is Z,-graded by the rule that is even if 7(5). = (5)*% and odd if 7(S). =(5)%.

3. Fermion Itd product formula

In this section, we shall explicitly realize the Fermion annihilation, creation and the
number processes on Hida’s white noise functional spaces. As a result, we immedia-
tely obtain the corresponding Fermion It6’s product formula by means of the results
of [6].

Definition 3.1. A generalized quantum (even or odd) process {GQP) is a pair of
densely defined, mutually adjoint families of linear operators (X(£), X(¢)*; te R. )
from (S) into (S)* such that for any te R, X(f) (even or odd) with adequate domain
contain Co={(: x®" 1, AANLN - Nf) fis o o, [L€F(R).).

Obviously, if we define, for any ¢~ {f®}e (¥)

AOY ~ {2,y OF i}

here assume Ri=(—c, X ... X (=8, Ri=[t, +®)x ... x[t, +) and
FP. ) (resp. fiP..,) denote the restriction of f® (resp. f®) to R¥ (resp. RY). If 4*(?)
denote the dual of s4(¥), {s4(2), 4(#)*, te R .} is an even generalized quantum process.

Also, as an important example of Gop, we investigate the Fermion—Hida
derivative.

Theorem 3.2. Let 8, denote the Hida derivative; we define the Fermion-Hida
derivative as follows: :

D=8, (2)
D¥=si*(f}-8* teR.
Then D,, D§ satisfy following anticommutative relations:
{D,, D}={D%, D3=0
{D,, D} =08,()-1
where {A, B}=AB+ BA, 8,(1) is equal to 1 or 0 whenever ¢=s or t%s, respectively.
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Proof. Let
Y= (2 f) e ), 10 TR
r=9Q

then we have the following Giteaux differention
D,(: x® 2, f®)

d
= E‘( (x+ )%, F™mo
=n{: x®1:Qy, f)

Hence we obtain
Dﬂl’(x) =z (: x®(”-1) 5 |:E (_l)jpl.ﬂi)ﬁ,t)(' 3 '55 ')] ®nf{:)+m](t! ' ')) .
n=0 =1

Here 1 denotes the jth variable location of Fo,
Thus we have, without loss of generality supposing s <t

DD(x) =, x50z, [n =)o, ofs, 1, -]

n=0

® [2 (D s+ £ Vnlr=DFE. vu(ss .- D

ek

= - Em: (: x@(n—Z}:, [n(n - 1)f?-l-)w,s)(sg L, - )]

n=0
@[2 (_1)j+kf§:‘)!)(. . f '3 )]
i*k

Al —1)fE (5, 2, - == D Dp(x)

The conclusion that can be obtained is to note that linear spans of all ¢ are dense

in (&), that is, we have
{D:: Ds} =0 on (9’)

The other conclusion can be easily obtained similarly.

Generally speaking, we can define GoP by any Wick polynomials of gww. But due
to the anticommutation of the Fermion—Hida derivative, the most interesting GQPs
are representable by polynomials of, at most, second degree. Next we can construct
some important Fermion quantum processes which play the role of ‘quantum noise’ in

quantum stochastic evolution.

The Fermion annihilation and creation processes

Ar(d) ==j’ D,ds ()= j " Dids.
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Note that
‘ O () =A%) +AL() teR

can be regarded as a generalized quantum Fermion Browian motion. It is reasonable
to call the cap -

XA(y=D7+D, teR
quantum Fermion Gaussian white noise.

The number process
4
N&(?) ==J- D}-D,ds.

It is remarkable that the process
NE(®) =Nelt) + VAQ£() + At
is a quantum Poisson process with parameter 1. So the qcp
NA() = D% Do+ VIXp()+ AL
could reasonably be interpreted as a quantum Fermion Poisson white noise.

Remark. A similar ‘Fermion Poisson process’ was considered in [11].

Some kinds of quantum stochastic differential equation with quantom Fermion
Gaussian white noise under the framework of white noise calculus will be considered
in separate papers.

Differentiation of these processes yields an operator-valued measure. If we denote
8, and §* the canonical annihilation and creation integrator white noise processes in
Fermion white noise functional space (§) and (S)*, we have, summarizing section 2
and 3.

Theorem 3.2. (a) There exists a unique unitary mapf)ing % (resp. B*) from (¥F) into
itself (resp. (¥)* into itself) such that

%'-ég'%_:l:Dt
(@)1 8% B* =D,

(b) According to the Itd product formula obtained in [6] and the facts
A - AO* =1, A(f) - A(s) = A(s) - (). t, s € R, we have Itd’s product formula:

dA (7} -dAE () =dr
dAg(8)-AN&(1) = dAL(f)
dNy(1)-dA ) =dAr()
dN(£) -dN(f) =dAN:().

Other mutual quadratic variations all vanish.
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